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Abstract

We provide a report of our research work, recently carried out at Karlstad University, based on
the use of lattice models in the modelling of thin-film evaporation phenomena. Some preliminary
results of our investigation, coming from Monte Carlo simulations, are presented. The author
gratefully acknowledges financial support from the Lerici Foundation.
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Thin-film evaporation and lattice models
In June 2018 I visited Karlstad University (Sweden), where I had the chance to interact and collaborate
closely with Adrian Muntean (Department of Mathematics and Computer Science) and with Stela-
Andrea Muntean and Ellen Moons (Department of Engineering and Physics). We focused on an
interesting research project based on the investigation of lattice models, borrowed from statistical
mechanics, to unravel the dynamical features of the morphology formation in thin-film evaporation
processes.

Lattice models have often been employed as a tool to shed light on some of the dynamical fea-
tures of complex real world phenomena. Their use as toy-models has been encouraged by the fact
that these models are amenable to an analytical treatment and they are also prone to a numerical im-
plementation. The Zero Range Process is a an example of a stochastic lattice gas that received much
attention in the physics and mathematics communities because, under special circumstances, it gives
rise to condensation phenomena that were invoked in the modelling of a variety of complex systems,
e.g. pedestrian flows, evacuation processes, etc.. Stimulated by experimental evidence in the field
of solution-born thin films, our investigation pointed towards the understanding of the morphology
formation from a ternary mixture upon evaporation of one component, which is particularly relevant
in engineering applications, e.g. the fabrication of organic photovoltaics from solutions.

Our modelling approach is based on the analysis of the dynamics of a three-state lattice model
defined on a 2D lattice Λ = {1, . . . , L1} × {1, . . . , L2}, endowed with periodic boundary condi-
tions. More specifically, we considered a generalized version of the Potts and Blume-Capel models
in 2D, equipped with a Monte Carlo Kawasaki-Metropolis algorithm in the bulk. Each lattice site
x = (x1, x2) ∈ Λ is occupied by a spin variable σx that takes values in the set {−1, 0,+1}. Each of
the three spin values is then regarded as one of the species in the solution, namely “0” corresponds to
the solvent, whereas “±1” represent the other two components.
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The energy associated with a configuration σ ∈ {−1, 0,+1}Λ is

H(σ) =
1

2

∑
x,y∈Λ

Jσxσy .

The function H is referred to, in the literature, as the Hamiltonian. While ±1 spins can not leave
the system, the upper horizontal boundary of the lattice is open for the spins 0: namely such spins,
when located in the top row, may be replaced by ±1 spins introduced with the same proportion of the
initial fractions of ±1 spins on the lattice. This process mimics, hence, the evaporation of the solvent
from the solution. The dynamics is then stopped as soon as a fixed, minimal amount of solvent is
reached in the system. The spin system undergoes, hence, a transient behavior that is ruled by some
characteristic time scales, determined by the parameters of the model.

We singled out a set of parameters that were found to affect significantly the final morphology.
One is, clearly, the temperature. In particular, we noticed that when the temperature exceeds some
critical threshold no microstructures appear, and the microscopic spin configurations resemble closely
those observed in the paramagnetic phase of a standard 2D Ising model. On the other hand, lowering
the temperature has the effect of slowing down the Kasasaki dynamics but it also paves the way to the
formation of a rich morphology, characterized by the onset of two distinct phases, each containing a
majority of spins of a given sign. Other important parameters of our model are the coupling constants
Jσx,σy = Jσy ,σx , that account for the energy cost associated with the interaction between the spins σx
and σy: the larger the constant Jσx,σy , the higher the energy cost and, hence, the less favourable is the
interaction. We thus checked the result of tuning the various parameters Jσx,σy . We considered, in
particular, the presence of “asymmetric coefficients”, e.g. J0,−1 6= J0,1, or the effect of introducing
a large parameter J−1,1, on the resulting final morphology. We also considered the effect of varying
the initial proportion of spins {−1, 0,+1}, which was found to affect significantly the shape of the
resulting microstructures. We then analyzed the effect of different geometries for the lattice Λ and,
finally, we also studied the role of a parameter called volatility, reflecting the increased tendency of
the solvent to migrate towards to upper horizontal boundary of the lattice. A larger volatility is then
associated with a reduced time scale to reach the final prescribed solvent concentration, and gives rise
to a peculiar morphology.

Our investigation was mainly supported by extensive numerical simulations that are still ongoing.
Some of the preliminary results obtained via Monte Carlo simulations are portrayed in Fig. 1, that
shows the onset of two phases, mostly constituted by either spins “+1” or “−1” (represented, respec-
tively, by the blue and the yellow pixels) as a result of the evaporation of the solvent (red pixels) from
the upper horizontal boundary of the box.

As mentioned above, the project is still running, and our joint work represents a first step of an
ambitious research project that is expected to involve, in the future, a larger network of researchers and
Ph.D. students from Karlstad University, Sapienza University of Rome and University of L’Aquila.
The numerical results that are currently being collected will be soon condensed and systematically
presented in a research paper, that will be submitted to the European Physical Journal (a Journal
covering the whole spectrum of physics and related interdisciplinary subjects), as a contribution to a
Special Issue focusing on “Microscopic dynamics, chaos and transport in nonequilibrium processes”.

The Lerici Foundation is, hence, acknowledged for allowing me to participate to the above-
described research project, and for enabling the sharing of a vibrating research atmosphere between
members of the mathematical and physics communities in Karlstad, Rome and L’Aquila.
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Figure 1: Microscopic configurations corresponding to the inverse temperature β = 0.6, with initial
ratios of spins +1, 0,−1 equal to 80 : 10 : 10, with J0,0 = J+1,+1 = J−1,−1 = 0, J+1,0 = J−1,0 = 1
and J+1,−1 = 10, for different fractions of residual solvent, respectively 0.8, 0.4 and 0.1 (from top to
bottom).
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